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The intention of this paper is to provide solutions to commutative relations relevant to calculations regarding 
the hydrogen atom (or similar monoelectronic systems). Though exact solutions exist to these systmes, the value 
to approximation methods stems from the ability to conveniently parse physical non-sense by comparison with 
these identities. A derivation accompanies each identity. 

1 Identities 

Since 

L-r X p 

Then 



Thus: 



ix 


Ly 


iz 


Px 


Py 


Pz 


X 


y 


Z 



1.1 {L^,x\ 



Lx = yPz - ZPy 
Ly = -xpz + Zpjc 

Lz = xpy - ypx 
lLx,x] ^ L^x- xLjc = iypz- zpy)x- xiypz- zpy) 



Apply a test function: 

[Lx, x]y = {ypz - zpy)xW - xlypz - zpy)W ^ (- ih) 
No partial derivatives are affecting x, thus: 
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X, y, z all commute, and, in general, [pj, i], [i, pj] - for i ^ j. Thus: 



{-m 



d d 

xy—m-zx—m 

az ay 



■ {ih) 



Thus, 
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[Lx,x\^Q 



iyxpz - zxpy) - [xypz - zxpy) = 



1.2 [Lx.y] 



[Lx, y] = LjcY - yLjc = (ypz - zpy)y- yiyp^ - zpy) 



Apply a test function: 

[L^, y]^ = (ypz - zp^)y^ - y{yp^ - zpy)'V ^ {-ih) 



yi^y'^'-^'y^' 
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Thus, 
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1.3 [L^,z] 



lLjc,y] ^zih 



[Ljc, z]^LjcZ- zLjc = (ypz - zpy]z- ziyp^ - zpy) 



Apply a test function: 

[Lx, z]y = {ypz - zpy)z^' - zlypz - zpy)W ^ {-iK) 
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Thus, 
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1.4 [LjcPx] 



Term-by-term: 
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By Clairaut's Theorem, the order of differentiation is immaterial; thus: 
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1.5 [Lx,Py] 



Or: 



1.6 [Lx,pz] 



LxPy'i' - PyL^^ ^ iyPzPy " ZpyPy)^' - (PyVPz - PyZpy)^' 
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-{-in)p^v = -{-my—- ^ \L^,py] = ampz 
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The first and third terms cancel (after distributing the negation, and we are left with: 

-i-ihfz—— - {-ih]pyW + (-ihfz—— 
oyaz ayoz 

[Lx.Pzl'V = -[-mpy^> ^ \Lx,Pz\ = impy 
[ypz - zpy) {-xpz + zpx)- i-xpz + zpx) {ypz - zpy] 



Thus: 



1.7 [Lx,Ly] 



ypzzpx - ypzxpz - zpyzpx + zpyxpz " [zpxypz - zpxzpy - xpzypz + xpzzpy) -- 

yPzZPx - yPzXPz - ZpyZpx + ZpyXpz - ZpxyPz + ZPxZPy + XpzyPz - XpzZpy 

We now know which terms commute, so collect the ones that do not: 
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Note that 

So 

Is 



IA-B,C-D]^ [A, C] - [D, A] - [B, C] + [B, D] 
lypz-zpy,zpx-xpz] 



[yPz, ZPx] - [yPz, XPz] - [Zpy, Zpjc] + [Zpy, Xpz\ 

And by similar argument, the middle terms will eventually vanish towards the end of the calculation, so we neglect 
them now: 

[yPz,zpx] + [zpy,xp^] ^ypx[z,p^] + xpylz,p:,] = ihixpy-ypx) = ihL;, 

Since 

yPxZPz - yPxPzZ + XpyZpz - XpyPzZ 



1.8 [L^,P] 



So 

Since 
Then: 

1.9 [Lx,r^] 

So 

1.10 [L^,p^] 

So 



[Lx,Ll] + [Lx,Ll] + lLx,Ll] 



L-^x } -^yi ^y ' ^y v^x » ^y J -^y """ v^x t ^z\^z "i" ^z V^Xf ^z J 

{-ihLz]Ly + Ly{-ihLz) + {-ihLy)Lz + Lz[-ihLy) 

[AB, C] = A[B, C] + [A C]B = ABC - ACB + ACB - CAB ^ ABC - CAB = [AB, C] 

(-iHLz)Ly + Ly{-ihLz] + {-ihLy]Lz + Lz{-ihLy) = Q 



[Lx,x^] + lLx,y^] + [Lx,z^] 
[Lx,x^]^LxX^-x^Lx^O 



Lxy'^-y^Lx + LxZ^-z^Lx 



[Lx,pI\ + [Lx,pI] + [Lx,pI\ 



[ix,i;]=0 



2 Theorem: Skew Hermitian operators have pure imaginary eigenvalues 

Proof. If 
And 

Then, by definition, the skew- hermitian operator Q satisfies: 

n* (I'll') = - ((¥|¥>n) ^ n* = -n 

If n e C, then it assumes the form A+ iB where A,B eU and 

O* ^-n^{A+iB)* ^-{A+iB) 

Or 

A-iB = -A-iB 

Which can only be true if ^4 = 0. Thus, the observables (eigenvalues) from skew Hermitian operators are always 
purely imaginary. D 
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